Estimation of any probability distribution parameters is vital because imprecise and biased estimates can be misleading. In this study, we investigate a flexible power function distribution and introduced new two methods such as, probability weighted moments, and generalized probability weighted methods for its parameters. We compare their results with Lmoments, trimmed L-moments by a simulation study and a real data example based on performance measures such as, mean square error and total deviation. We concluded that all the methods perform well in the case of large sample size (n>30), however, the generalized probability weighted moment method performs better for small sample size.
Introduction
Power function distribution is a flexible and simple distribution that may helpful for modeling the failure data. It is often used in the assessment of semiconductor devices and electrical component reliability [1] . Zarrin et al. [2] applied power function distribution to assess component failure of semi-conductor device data by using both the maximum likelihood and Bayesian estimation methods. A brief discussion about this distribution and its various properties are described in [3] . Theoretically, power function distribution has an inverse relationship with the standard Pareto distribution, and it is also a special case of Pearson type I distribution [3] . The moments of the power function distribution are simply the negative moments of the Pareto distribution [4] . Moments of order statistics for power function distribution are calculated by [5] . Athar and Faizan [6] derived the explicit expressions for single and product moments. They also showed the recurrence relationship for single and product moments of lower generalized order statistics of power distribution function. Chang [7] described the characterizations of the power function distribution by means of the independence of record values. Saran and Pandey [8] considered the k th record value for the parameter estimation of the power function distribution.
Omar and Low [9] developed the Bayesian estimate for the shape parameter of the generalized power function distribution by considering both the informative and non-informative priors under mean square error loss function. Moreover, Sultan et al. [10] estimated the scale parameter of the power function distribution by using Bayesian method with three double types of priors and three single types of priors' distributions. Bhatt [11] showed the characterization of power function distribution through expectation of non-constant function of a random variable. LutfulKabir and Ahsanullah [12] estimated the parameter of a Power function distribution by using linear function of the order statistics. Further, Haq et al. [13] developed the generalized form of Power function distribution that known as Transmuted Power Function distribution. Haq et al. [14] also commented on Kumaraswamy Power Function and suggested its suitable applications. Zaka et al. [15] presented the modification of maximum likelihood, moments and percentile estimators of the two parameters power function distribution. Saleem et al. [16] derived the finite mixture density of power function distribution and they also derived the Bayesian estimators for censored and complete sample. Recently, Shahzad et al. [17] found that the L-moments method performs better than Trim L-moments method in case of power function distribution.
In this paper, we introduced two new parameter estimation methods such as, probability weighted moments and generalized probability weighted moments for two parameter power function distribution. We derive the expressions for parameter estimation of them. We compare the performance of these methods with the L moments and TL-moments methods by a simulation study and a real data example based on performance measures such as, mean square error and total deviation.
The Power Function Distribution
We consider the probability density function (pdf) and cumulative distribution function (cdf) of the power function distribution:
Where α is shape parameter and θ is the scale parameter.
L-Moments
The L-moments as an analogy to the conventional moments [18] and it can be defined as any random variable whose mean exists [19] . L-moments are estimated by linear combination of order statistics. They are robust to the outliers and the influence of sample variation [20] . Lmoments are commonly considered as more efficient parameter estimation method than the maximum likelihood method particularly for small sample size. If X is a continuous random variable with distribution function F(x) and Q(x) as a quantile function, then the L-moments of r th order random variable are defined as: 
and the expected value of r th order statistics of a random sample of size n has the form
Let x 1 ,x 2 ,x 3 ,. . .,x n be a sample and x (1) x (2) x (3) . . ... x (n) an ordered sample, then the r th unbiased empirical L-moments are defined by Asquith [21] and can be written as;
L-moments of the power function distribution can be derived from Eq (3) i.e.
The estimators of the power function parameters are α and θ. In order to obtain L-moments in terms of l 1 and l 2 by equating the λ 1 to l 1 and λ 2 to l 2 , we get:
Trimmed L-moments
Elamir and Seheult [22] derived Trimmed L-moments (TL-moments) that is a natural generalization of L-moments because it does not need the mean of the underlying distribution to be exist e.g., Cauchy distribution [23] . Initially, TL-moments were developed as supplement for other methods particularly when dealing with outliers in the data [24] . In fact, the expected value of order statistics E(X r−j:r ) is replaced by E(X r+t1−j:r+t1+t2 ) for large samples in L-moments where the increased size is the total amount of trimming. Thus the r th order TL-moments are denoted as l ðt1;t2Þ r . l ðt1;t2Þ r
TL-moments reduce to L-moments, if we put t1 = t2 = 0 in Eq (6). Here, symmetric case of TL-moments is considered i.e., t1 = t2 = t. For the symmetric case Eq (6) can be rewritten as:
The unbiased TL-moments where sampled TL-moments equivalent to population TLmoments are defined by Asquith [21] as following: The TL-moments of the power function distribution for t = 1 are:
The estimators of the power function parameters α and θ by means of TL-moments can be obtained in terms of l 
Probability Weighted Moments
Greenwood et al. [25] proposed probability weighted moments (PWMs), that is the generalization of usual moments of the probability distribution. It is unbiased, stable and particularly attractive when the cumulative distribution function F X (x) of a distribution has a closed form [26] . It is commonly used for estimating the parameters of the distributions that are analytically expressible in quantile form such as, Wakeby and Tukey's Lambda distribution [27] . If X is the random variable with cdf F X (x), then the PWM are expressed as:
where p,u,v are integer numbers. If the inverse distribution function Q(F) can be written in closed form, then an alternative form of the PWM is devised as:
If u = v = 0 and p is non-negative then M p,0,0 are the non-central conventional moments. Particularly useful special cases of PWM are α v = M 1,0,v and β u = M 1,u,0 .
Let
. ..,x (n) be a random sample of size n from the distribution function F(x) and x (1) < x (2) < x (3) ,. . ..< x (n) be the corresponding ordered sample. Landwehr et al. [28] proposed an unbiased estimator of PWM as:
The general expression of PWM is given in Eq (10). The PWM for the power function distribution is derived as follow by using Eq (10): 
Generalized Probability Weighted Moments
Rasmussen [29] proposed generalized probability weighted moments (GPWM) as an extension of PWM. It is used to estimate the parameters of such probability distributions that can be expressed in inverse form. The PWM only considers the non-negative integers on the exponent while GPWM method is unrestricted to the smallest non-negative integers on the exponent [30] .
The common practice of GPWM of order p = 1 and v = 0 takes the following form
The PWM involves consideration of u = 0 and u = 1 in the above equation for a two parametric distribution while GPWM method considers u = u 1 and u = u 2 where u 1 and u 2 are either to be small or non-negative integers. The empirical estimate of GPWM proposed by Hosking [31] is given as:
The estimated GPWM estimates for the power function distribution can be obtained as:
A Simulation Study
Monte Carlo simulation is designed to investigate the sampling behaviour of the L-moments (LM), Trimmed L-moments (TLM), probability weighted moments (PWMs) and generalized probability weighted moments (GPWMs) estimators. This comparison is carried out by taking the sample of sizes (n = 10, 25, 50, 100, 150, 250, and 500). The accuracy of the estimates is compared by using following performance measures mean square error (MSE) and total deviation (TD). The lmomco package in R software by Asquith [32] is used for this analysis.
The results of our simulation study are presented in the Tables 1-4 . We can assess the accuracy of these estimators in terms of bias, means square errors (MSE), and total deviation (TD).
The results show that GPWM is relatively better (smaller MSE and TD) than LM, TLM, and PWM for small sample size and for all parameters values of α and θ. However, the bias of GPWM is slightly more than LM, TLM, and PWM for small sample size. Moreover, bias decreases as the sample size increases. The MSE for α and θ rise for higher parameters values.
As the sample size increases, the estimates of α and θ generally approach to their true values. The bias is negligible for larger sample sizes, but it is slightly more for smaller sample sizes. Overall, the bias decreases as the sample size increases for all the parameter settings.
Therefore, all the methods show identical performance for estimating the shape and scale parameters of Power function distribution unless the sample size is small. However, the generalized probability weighted moments performs better for smaller sample sizes than other roubust methods considered here such as, L-moments, trimmed L-moments, and probability weighted moments.
Application
We also compare all the estimation methods on a real data-device failure times. The data set refers to failure times of 30 devices given by Meeker and Escobar [33] . The data are: 275, 13, 147, 23, 181, 30, 65, 10, 300, 173, 106, 300, 300, 212, 300, 300, 300, 2, 261, 293, 88, 247, 28, 143, 300, 23, 300, 80, 245, and 266. Table 5 shows the estimators of the shape and scale parameters of the power function distribution with KS and AD test statistic along p-values on devices failure time real data. The GPWM is relatively better than other methods in terms of both KS and AD test. Furthermore, Fig 1 shows the appropriateness of the model for failure times data on the basis of histogram and density plots. The plot also confirms that GPWM provides better fit because its curve is relatively close to the empirical density curve. Table 1 . Comparison of the estimation methods for (α = 0.6, θ = 2.5). Table 2 . Comparison of the estimation methods for (α = 0.7, θ = 3). Table 3 . Comparison of the estimation methods for (α = 0.9, θ = 5). 
Conclusion
In this study, we introduce two new parameter estimation methods such as, probability weighted moments and generalized probability moments for power function distribution. It is a flexible and simple distribution that may helpful for modeling the failure data. Mathematical expressions of the estimators are derived for the L-moments, TL-moments, PWM, and GPWM. We compare the performance of these methods for power function distribution through a simulation study and read data. Therefore, it is concluded from both simulated and real data that all the methods show identical performance for estimating the shape and scale parameters of Power function distribution unless the sample size is small. However, the generalized probability weighted moments performs better for smaller sample sizes than other roubust methods considered here such as, L-moments, trimmed L-moments, and probability weighted moments. Table 4 . Comparison of the estimation methods for (α = 2, θ = 1). 
